These notes are devoted to the multiple generalization of a Lie algebra introduced by A.M. Vinogradov and M.M. Vinogradov. We compare definitions of such algebras in the usual and invariant case. Furthermore, we show that there are no simple n-ary Lie algebras of type (n − 1, l) for l > 0.
Introduction
This paper is devoted to the study of the multiple generalization of a Lie algebra introduced in [11] . More precisely in [11] A.M. Vinogradov and M.M. Vinogradov proposed a two-parameter family of n-ary algebras that generalized Filippov nalgebras and Lie n-algebras. V.T. Filippov [3] considered alternating n-ary algebras V satisfying the following Jacobi identity: {a 1 , . . . , a n−1 , {b 1 , . . . , b n }} = n i=1 {b 1 , . . . , b i−1 {a 1 , . . . , a n−1 , b i }, . . . , b n },
where a i , b j ∈ V . In other words, the linear maps {a 1 , . . . , a n−1 , −} : V → V are derivations of the n-ary bracket {b 1 , . . . , b n }. Another natural n-ary generalization of the standard Jacobi identity has the following form:
(I,J) (−1) (I,J) {{a i 1 , . . . , a in }, a j 1 , . . . , a j n−1 } = 0,
where the sum is taken over all ordered unshuffle multi-indexes I = (i 1 , . . . , i n ) and J = (j 1 , . . . , j n−1 ) such that (I, J) is a permutation of the multi-index (1, . . . , 2n − 1). We call alternating n-ary algebras satisfying Jacobi identity (2) Lie n-algebras. The n-ary algebras of type (1) appear naturally in Nambu mechanics [9] in the context of Nambu-Poisson manifolds, in supersymmetric gravity theory and in supersymmetric gauge theories, the Bagger-Lambert-Gustavsson Theory, see [1] for details. The n-ary algebras of type (2) were considered for instance by P. Michor and A.M. Vinogradov in [8] and by P. Hanlon and M.L. Wachs [4] . The homotopy case was studied in [10] in the context of the Schlesinger-Stasheff homotopy algebras and L ∞ -algebras. Such algebras are related to the BatalinFradkin-Vilkovisky theory and to string field theory [6] .
The paper is structured as follows. In Section 2 we remind the definition of the Nijenhuis-Richardson bracket on V * ⊗ V , where V is a finite dimensional vector space. In Section 3 we give a definition Vinogradovs' algebras. In Section 4 we compare definitions of usual Vinogradovs' algebras and Vinogradovs' algebras with a symmetric non-degenerate invariant form. In Section 4 we show that there are no simple n-ary Lie algebras of type (n − 1, l), l > 0. The case of n-ary Lie algebras of type (n − 1, 0) was studied in [7] .
Nijenhuis-Richardson bracket
In this section we follow [11] . Let V be a finite dimensional vector space over R or C. We put I n := (1, . . . , n) and we denote by I and J the ordered multi-indexes I = (i 1 , . . . , i l ) and J = (j 1 , . . . , j k ) such that i 1 < . . . < i l and j 1 < . . . < j k . Let |I| := l and |J| := k. Assume that i p = j q for all p, q. Then we have the non-ordered multi-index
We denote by I + J the ordering of the multi-index (I, J) and by (−1) (I,J) the parity of the permutation that maps (I, J) into I + J. We set
We define:
Here we assume that |I| = k, |J| = l − 1.
For L ∈ l V * ⊗ V , we denote by L a 1 ,...,ap the following (l − p)-linear map:
where a i , b j ∈ V .
Vinogradovs' algebras
In this subsection we recall the definition of n-ary algebras introduced by A.M. Vinogradov and M.M. Vinogradov in [11] . The graded versions of such algebras are studied in [12] . These n-ary algebras are a generalization of n-ary Lie algebras of type (1) and of type (2) for even n. Let V be a finite dimensional complex or real vector space.
Definition 2 An n-ary algebra structure µ on V is an n-linear map:
An n-ary algebra is a pair (V, µ).
Sometimes we will use the bracket notation {a 1 , . . . , a n } instead of µ(a 1 , . . . , a n ).
Definition 3 An n-ary algebra is called skew-symmetric if
for any a p ∈ V .
Definition 4 ( [11])
Let (V, µ) be an n-ary skew-symmetric algebra. We say that (V, µ) is an n-ary Lie algebra of type (r, l) if the following holds:
where a i , b j ∈ V and 0 ≤ l ≤ r < n.
Example 1. Filippov n-ary algebras or n-ary algebras satisfying (1) are exactly n-ary Lie algebras of type (n − 1, 0). For even n, the n-ary Lie algebras satisfying (2) are exactly n-ary algebras of type (1, 0). (See [11] for details.)
Remark 5
The theory of Filippov n-ary algebras is relatively well-developed. For instance, there is a classification of simple real and complex Filippov n-ary algebras and an analog of the Levi decomposition [7] . W.X. Ling in [7] proved that there exists only one simple finite-dimensional n-ary Filippov algebra over an algebraically closed field of characteristic 0 for any n > 2. The simple Filippov n-ary superalgebras in the finite and infinite dimensional case were studied in [2] . It was shown there that there are no simple linearly compact n-ary Filippov superalgebras which are not n-ary Filippov algebras, if n > 2. A classification of linearly compact n-ary Filippov algebras was given in [2] .
Remark 6
The n-ary algebras of type (2) were studied for instance in [8] and [4] . In [13] the n-ary algebras of type (2) endowed with a non-degenerate invariant form were considered.
Nijenhuis-Richardson and Poisson brackets on V
Let V be a finite dimensional vector space that is supplied with a non-degenerate symmetric bilinear form ( , ). Then V possesses a natural structure of a Poisson superalgebra defined by the following formulas:
where v, w, w i are homogeneous elements in W . (See for example [5] or [13] for details.) Let us take any elementμ ∈ n+1 V . Then we can define an n-ary algebra structure on V in the following way:
Definition 7 A skew-symmetric n-ary algebra structure is called invariant with respect to the form ( , ) if the following holds:
(b, {a 1 , . . . , a n }) = −(a 1 , {b, a 2 , . . . , a n })
for any b, a i ∈ V .
The following observation was noticed in [13] :
Proposition 8 Assume that V is finite dimensional and ( , ) is non-degenerate. Any skew-symmetric invariant n-ary algebra structures can be obtained by construction (6). In other words, for any skew-symmetric invariant n-ary algebra structure µ ∈ n V * ⊗ V , there existsμ ∈ n+1 V such that the map µ coincides with the map defined by the formula (6).
Assume that (V, µ) is an n-ary Lie algebra of type (r, l) and the algebra structure µ is invariant with respect to ( , ). It follows from Proposition 8 that the algebra (V, µ) has another n-ary algebra structureμ ∈ n+1 (V ). In this section we study the relationship between these two n-ary algebra structures. Since µ and µ define the same algebra structure on V , we have:
Let us take two skew-symmetric invariant n-ary algebra structures
where |I| = k, |J| = l − 1 and for simplicity we denote
Proposition 9 Let us take two skew-symmetric invariant n-ary algebra structures L ∈ l V * ⊗ V and K ∈ k V * ⊗ V . Then we have:
Proof. We set
Furthermore, we have:
where |I| = l, |J| = k − 1 and |I ′ | = l − 1, |J; | = k. By equation (8), we get
The proof is complete. Let L ∈ t V * ⊗ V be a skew-symmetric invariant n-ary algebra structures. Clearly,
where c = 0. Proposition 9 implies the following. If a skew-symmetric invariant algebra (V, µ) is given by an identity of type [µ a 1 ,...,ar , µ a 1 ,...,a l ] N R = 0, then the same algebra can be given by the following relation:
The result of our study is the following.
Theorem 10 Let V be a finite dimensional vector space with a non-degenerate symmetric bilinear form ( , ) and µ ∈ n V * ⊗ V be an invariant algebra structure on V . Then (V, µ) is an n-ary Lie algebra of type (r, l) if and only if the following holds:
[
5 Algebras of type (n − 1, l)
In this section we consider n-ary algebras of type (n − 1, l), where 0 < l ≤ n − 1. More precisely, we study n-ary skew-symmetric algebras satisfying (5) for k = n−1 and l > 0. Lemma 1. Jacobi identity (5) of type (n−1, l), where 0 ≤ l ≤ n−1, is equivalent to the following identity:
Proof. We will need the following formula, see [11] :
is an n-ary Lie algebra of type (n − 1, l). Let us take a i , b j , c t ∈ V and denote L := µ a 1 ,...,an and K := µ b 1 ,...,b l . We have
The last equality is equivalent to: . . . , a n−1 , {b 1 , . . . , b l , c 1 , . .
. . , a n−1 }},
The proof is complete.|box Example 2.
For instance, 2-ary Lie algebras of type (1, 1) are exactly the associative skew-symmetric algebras. Using the fact that these algebras are skewsymmetric, it is easy to see that all such algebras have the following property: {{a, b}, c} = 0. Therefore, this class is not reach.
For example {0} and V are always ideals of (V, µ). Such ideals are called trivial.
Definition 12
An n-ary Lie algebra of type (n − 1, l) is called simple if it is not 1-dimensional and it does not have any non-trivial ideals.
Theorem 13 Let V be a Lie algebra of type (n − 1, l), where 0 < l ≤ n − 1, over C. Assume that V does not possess any non-trivial ideals. Then dim V = 1. In other words, there are no simple algebras of type (n − 1, l), where 0 < l ≤ n − 1.
Proof. Assume that dim V > 1 and V does not possess any non trivial ideals. Let us interchange b n−l and b n−l+1 and use (9) . We get:
{b 1 , . . . , {a 1 , . . . , a n−1 , b i }, . . . , b n } + {b 1 , . . . , b n−l−1 , {a 1 , . . . , a n−1 , b n−l+1 }, b n−l , b n−l+2 , . . . , b n }.
From this equation and (9), we have:
Denote by L the vector subspace in End(V ) generated by µ a 1 ,...,a n−1 , where a i ∈ V . Let D = µ a 1 ,...,a n−1 for some a i ∈ V . We can rewrite (10) in the form:
The n-ary algebra (V, µ) is skew-symmetric and the equation (11) holds for any b i . Hence, we can assume that the following equation holds
for any i. Applying this formula several times, we get:
First of all, we see: Example 3. The classification of simple complex and real Filippov n-ary algebras or Lie algebras of type (n − 1, 0) was done in [7] : there is one series of complex Filippov n-ary algebras A k , where k is a natural number, and several real forms for each A k . All these algebras have invariant forms and in terms of Poisson bracket they are given by the top form of V .
